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Abstract

After being presented by Molodtsov [1], soft set theory became well-known as a cutting-edge method for addressing

uncertainty-related issues and modeling uncertainty. It may be used in a range of theoretical and practical applications.

The soft binary piecewise plus operation is a novel soft set operation presented in this work. Its fundamental algebraic

properties are investigated in detail. Additionally, the distributions of this operation over several soft-set operations

are examined. We establish that the soft binary piecewise plus operation is a right-left system and, under some

assumptions, a commutative semigroup. Furthermore, by taking into account the algebraic properties of the operation

and its distribution rules together, we demonstrate that the collection of soft sets over the universe, together with the

soft binary piecewise plus operation and some other types of soft sets, form many important algebraic structures, like

semirings and near semirings.

Keywords: Soft sets, Soft set operations, Conditional complements, Soft binary piecewise plus operation.

1| Introduction

A few theories that may be used to describe uncertainty include probability theory, interval mathematics, and

fuzzy set theory; however, each has drawbacks. Soft Set Theory is a novel method of characterizing

uncertainty and applying it to the resolution of uncertainty-related problems. Molodtsov [1] gave the initial

description of it in 1999. Since its inception, this concept has been effectively implemented in a number of

mathematical domains. Among these fields studied are measurement theory, game theory, probability theory,

Riemann integration, and Perron integration.
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Maji et al. [2] and Pei and Miao [3] did the initial research on soft set operations. Several soft set operations,
such as restricted and extended soft set operations, were given by Ali et al. [4]. Sezgin and Atagiin [5]
established and provided features of the restricted symmetric difference of soft sets in their work on soft sets.
They also discussed the foundations of soft-set operations and provided instances of how they relate to one
another. Ali et al. [6] comprehensively analyzed the algebraic structures of soft sets. Soft set operations piqued
the interest of several scholars, who conducted extensive research on the topic in [7]—[18],

The concept of the soft binary piecewise difference operation in soft sets was first proposed by Eren and
Calisic1 [19]. Additionally, a comprehensive examination of the soft binary piecewise difference operation was
performed by Sezgin and Calisict [20]. The extended symmetric difference of soft sets was defined, and its
attributes were studied by Stojanovi¢ [21], whereas the extended difference of soft sets was first proposed by
Sezgin et al. [22].

Cagman [23] presented two novel complement operations to the literature, and Sezgin et al. [24] worked on
these and several other novel binary set operations. Using these new binary operations, Aybek [25]
constructed a large variety of additional restricted and extended soft set operations. In their ongoing efforts
to alter the structure of extended operations in soft sets, Akbulut [26], Demirci [27], and Samalioglu [28]
concentrated on the complementary extended soft set operations. By significantly changing the form of the
soft binary piecewise operation in soft sets, [25]—[33] also looked at complementary soft binary piecewise
operations. There are two important studies on soft binary piecewise operations: 1) Yavuz [38], and 2) Sezgin
and Yavuz [39]. Studies [40—47] about various forms of soft equity are also essential [35]—[42].

Mathematicians have always been interested in algebraic structures, often known as mathematical systems or
structures. One of the key challenges in algebraic mathematics is sorting algebraic structures based on the
characteristics of the operation applied to a set. The extension of rings, including near-rings, semirings, and
semifields, is one of the most well-known concepts in binary algebraic structures. For a long time, academics
have been keen to understand this subject. The term semirings was initially defined by Vandiver [48]. More
recently, semirings have been the subject of much research, especially their applications (see [48]). Semirings
play a significant role in geometry, pure mathematics, and resolving several issues in applied mathematics and
the information sciences [44]—[56].

In conclusion, semirings play a significant role in both geometry and pure mathematics. Hoorn and Rootselaar
[62] discussed nearsemiring. A semineatring, often called nearsemiring in mathematics, is an algebraic
structure that is more general than a near-ring or semiring. It is easy to find nearsemirings from functions on
monoids. Similar to how operations from classical algebra are important to classical set theory, concepts of
soft set operations are fundamental to soft sets. Therefore, if we think about the algebraic structure of soft
sets in terms of, we might be able to comprehend it better.

By presenting the soft binary piecewise plus operation and closely analyzing the algebraic structures connected
to it, along with other soft set operations in the collection of soft sets throughout the universe, we hope to
advance the subject of soft set theory significantly. This study is organized as follows. Section 2 revisits the
basic ideas of soft sets and other algebraic structures. A detailed analysis of the algebraic properties of the
recently suggested soft set operation is presented in the third part. These properties allow us to prove that
the soft binary piecewise plus operation is a commutative semigroup and a right-left system with the right
identity empty soft set under certain conditions. The distribution of the soft binary piecewise plus operation
over various soft set operations, including restricted, extended, and soft binary piecewise operations, is
examined in Section 4. A detailed analysis of the algebraic structures generated by the set of soft sets with
these operations is offered, considering the distribution laws and the algebraic properties of the soft set
operations. It is shown that utilizing the soft binary piecewise plus operation and other types of soft sets, in
the collection of soft sets over the universe, a number of important algebraic structures, including semirings
and nearsemirings, may be formed. The importance of the study's findings and their potential relevance to

the topic are covered in Section 5.
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2| Preliminaries

This section provides several algebraic structures as well as a number of basic concepts in soft set theory.

Definition 1. Let U be the universal set, E be the parameter set, P(U) be the power set of U, and let K € E.
A pair (F, K) is called a soft set on U. Here, F is a function given by F: K - P(U) [1].

The set of all soft sets over U is denoted by Sg(U). Let K be a fixed subset of E, then the set of all soft sets
over U with the fixed parameter set K is denoted by Sk (U). In other words, in the collection Sk (U), only soft
sets with the parameter set K are included, while in the collection Sg(U), soft sets over U with any parameter
set can be included. Clearly, the set Sx(U) is a subset of the set Sg(U).

Definition 2. Let (F,K) be a soft set over U. If F(e)=0 for all e€EK, then the soft set (F,K) is called a null soft
set with respect to K, denoted by @. Similatly, let (F,E) be a soft set over U. If F(e)=0 for all ¢€EE, then the
soft set (F,E) is called a null soft set with respect to E, denoted by @g [4].

Itis known that a function F: @ — K, where the domain is the empty set, is referred to as the empty function.
Since the soft set is also a function, it is evident that by taking the domain as @, a soft set can be defined as
F: @ — P(U), whete U is a universal set. Such a soft set is called an empty soft set and is denoted as @y. Thus,
D¢ is the only soft set with an empty parameter set [6].

Definition 3. Let (F,K) be a soft set over U. If F(e)=U for all e€EK, then the soft set (F,K) is called an absolute
soft set with respect to K, denoted by Uy. Similatly, let (F,E) be a soft set over U. If F(e)=U for all e€EE, then
the soft set (F,E) is called an absolute soft set with respect to E, denoted by Ug [4].

Definition 4. Let (F,K) and (G,Y) be soft sets over U. If KEY, and for all e€K, F(e) €G(e), then (F.K) is
said to be a soft subset of (G,Y), denoted by (F,K)E(G,Y). If (G,Y) is a soft subset of (F,K), then (F,K) is
said to be a soft superset of (G,Y), denoted by (F,K)3(G,Y). If (F,K)E(G,Y) and (G,Y)E(F,K), then (F,K)
and (G,Y) are called soft equal sets [3].

Definition 5. Let (F,K) be a soft set over U. The soft complement of (F,K), denoted by (F,K)r =(F",K), is
defined as follows: Fr(e)=U-F(e), for all €K [4].

Cagman |23] introduced two new complements as a novel concept in set theory. For ease of representation,
we denote these binary operations as + and 0, respectively. For two sets T and Y, these binary operations are
defined as T+Y=T'UY and TOY=T'NY". Sezgin et al. [24] investigated the relationship between these two
operations and introduced three new binary operations, examining their relationships. For two sets T and Y,
these new operations are defined as T*Y=K'UY', TyY= T'NY, TAY=TUY" [24].

As a summary for soft set operations, we can categorize all types of soft set operations as follows: Let @ be
used to represent the set operations (i.e., here, @ can be N, U,\, A, +,0, *, L,y), then all types of soft set

operations are defined as follows:

Definition 6. Let (F, K) and (G, Y) be two soft sets over U. The restricted @ operation of (F, K) and (G, Y)
is the soft set (H, P), denoted by (F, K) Q¢ (G, Y)= (H, P), where P =K N Y# @ and for alle € P, H(e) =
F(e)@G(e). Here, if P= K N'Y = @, then (F, K) Qx(G, Y)= @y [4]-[6], [25].

Definition 7. Let (F, K) and (G, Y) be two soft sets over U. The extended & operation (F, K) and (G,Y) is
the soft set (H,P), denoted by (F, K) ®.(G, Y) = (H, P), where P = K U Y, and for all e € P [2], [4], [21],
[25].

F(e). eeK-Y.
H(e) = {G(e). eeY—-K.

F(e) ® G(e). e€KnY,
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Definition 8. Let (F, K) and (G, Y) be two soft sets over U. The complementary extended @ operation (F,
*
K) and (G,Y) is the soft set (H,P), denoted by (F, K) Q (G,Y) = (H, P), where P=K U Y, and foralle € P
[26]-[28].
F/(®), e€EK-Y.

H(e) =4 G'®, e€EY—K
Fle) @ G(e). e€KnY,

Definition 9. Let (F,K) and (G,Y) be two soft sets on U. The complementary soft binary piecewise &
*

operation of (F,K) and (G,Y) is the soft set (H,K), denoted by (F.K) ~ (G.Y) = (H.K), where foralle € K
®

[27]-[29].
1(e) —
H(e)={F . e€eK-Y.
F(e) ® G(e). e€eKnY,
Definition 10. Let (F,K) and (G,Y) be two soft sets on U. The soft binary piecewise @ operation of (F,K)
and (G,Y) is the soft set (H,K), denoted by (F. K)é(G. Y) = (H.K), where for all e € K [19], [53]

_ (F(e). e€EK-Y.
H(e) = {F(e) ®G(e). e€KnY,

For more about soft sets, we refer to [54]—[63].

Definition 11. Let (S, %) be an algebraic structure. An element s €S is called idempotent if s2=s. If s2=s for
all s€S, then the algebraic structure (S,%) is said to be idempotent. An idempotent semigroup is called a band,
an idempotent and commutative semigroup is called a semilattice, and an idempotent and commutative
monoid is called a bounded semilattice [64].

In a monoid, although the identity element is unique, a semigroup/groupoid can have one or more left
identities; however, if it has more than one left identity, it does not have a right identity element; thus, it does
not have an identity element. Similarly, a semigroup/groupoid can have one or more right identities; however,
if it has more than one right identity, it does not have a left identity element, thus not an identity element [65].

Similarly, in a group, although each element has a unique inverse, in a monoid, an element can have one or
more left inverses; however, if an element has more than one left inverse, it does not have a right inverse.
Thus, it does not have an inverse. Similarly, in a monoid, an element can have one or more right inverses;

however, if an element has more than one right inverse, it does not have a left inverse, thus not an inverse

[65].

Definition 12. If a semigroup (5,*) has a left identity and every element has a right inverse, then the semigroup
is called a left-right system, and if the semigroup has a right identity and every element has a left inverse, then
the semigroup is called a right-left system. The difference between a left-right system and the group is that a
group has a left (resp., right) identity, and every element has a left (resp., right) inverse [60].

Definition 13. Let S be a non-empty set, and let + and * be two binary operations defined on S. If the
algebraic structure (S, +, *) satisfies the following properties, then it is called a semiring:

I (S, +) is a semigroup.
II. (S, *) is a semigroup.
III. Forallx,y, z €S, x*(y + z) = xxy + x*z and (x ty) *z = x*z + y*z.

If for all x,y€S, x+y=y+z, then S is called an additive commutative semiring. If xxy=y*x for all x,y€S, then
S is called a multiplicative commutative semiring. If there exists an element 1€S such that xx1=1*x=x for all

xE€S (multiplicative identity), then S is called semiring with unity. If there exists OES such that for all x€S,
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0*x=x*0=0 and 0+x=x+0=x, then 0 is called the zero of S. A semiring with commutative addition and a

zero element is called a hemiring [38].

Definition 14. Let S be a non-empty set, and let + and * be two binary operations defined on S. If the

algebraic structure (S, +, *) satisfies the following properties, then it is called a nearsemiring (or seminearring):
1. (S,+) is a semigroup.

II. (S, %) is a semigroup.

III.  For all x,y,z€S, (x+y) *z = x*z+y*z (right distributivity).

If the additive zero element O of S (that is, for all x€S, 0+x=0+x=x) satisfies that for all x€S, 0*x=0 (left

absorbing element), then (S, +, *) is called a (right) nearsemiring with zero. If (S, +, *) additionally satisfies

x*0=0 for all x€S (right absorbing element), then it is called a zero symmetric nearsemiring [47]. We refer to

[67] for the possible implications of network analysis and graph applications with regard to soft sets, which
are defined by the divisibility of determinants.

3 | Soft Binary Piecewise Plus Operation

This section presents a new soft set operation known as the soft binary piecewise plus operation. Along with
presenting an example of the operation, it also examines the algebraic structures and distribution rules that
the operation forms in Sg(U) and the operation's overall algebraic properties and connections to other soft-
set operations.

Definition 15. Let (F.K) and (G.Y) be soft sets over U, The soft binary piecewise plus operation of (F.K)
and (G.Y) is the soft set (H.K). denoted by, (F.K) ; (G.Y) = (H.K). where for all keK

_ ( F(k). keK-Y.
H(k) = {F’(k) U G(k). kEKNY,

Example 1. Let E={e;,e,,e3,e,} be the parameter set K={e;,e,} and Y={e,, e3,e,} be the subsets of E
and U={hy,h,,h3hhs. he} be the initial universe set. Assume that (F,K) and (G,Y) are the soft sets over U
defined as follows:

L (F’I<): {( €1. {hZ h4—>h6)7 (e49{h1>h6 })}
I (GY)={(ez,{hi.hy }), (e5.{hy,hg,hys. hs}),(e4,{hy,h, ).

Let (FK) | (G,Y)=(H,K). Then

_ (F(v). teK-Y.
H(®O = {F'(t) U G(t). teKny,
Since K={e;, .}, K-Y={e;} and KNY={e,} S0 H(e,) =F(e;)={hy,hy,he},

H(es)=F(e4)UG(e4)= {hy,hz,hyhs} Uthy hy ). Thus(FK) _|~_ (G,Y)={(eq,{hz.hyhe}),(€4,{hy. hs. hy hs})}

~

Theorem 1. Algebraic properties of the operation: the set Sp(U) is closed under . That is, when (F,K) and
(G,Y) ate two soft sets over U, then so is (F,K) _~|_ GY).

~

Proof: it is clear that n is a binary operation in Sg(U). That is
+ S5(U)x S(U)~ Sk (U),

- @
((FK), (GY)) > (F.K)  (G.Y) = (H.K).

~

Hence, the set Sp(U) is closed under | . Similarly

fr : Sk(U)x Sk(U)—- Sk(U),
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(FK), (GK) = (F.K) | (G.K) = (HK).

That is, when K be a fixed subset of the set E and (F,K) and (G,K) are elements of Sx(U), then so is (F,K):_
(G,K). Namely, Sk(U) is closed under _|~_ either.

If KNY’ND=KNYND=9. then [(F.K) | (GY)] ; (H.D)=(F.K) | [(G.Y) | (H,D)].

Proof: first, let's handle the Left-Hand Side (LHS) of the equality and let (F. K)I(G,Y)Z(I‘ ,K), where for all
feK,
F(8). SEK-Y.
= 2
"=l v e, sekny @

Let (T,K) ;(H,D):(M,K), where for all €K,

-7 ey, 120
Thus,
F(8), 8€(K-Y)-D=KnY’'ND’,
M(8)=| F'($)UG(R), 8€(KNY)-D=KNYND’,
| PeuHE), $(K-Y)ND=KNY'ND,
[F(8)NG'(8)]JUH(8), A4e(KNY)ND=KnYND.

Now let's handle the Right-Hand Side (RHS) of the equality. Let (G,Y)I(H,D):(K,Y), where for all §€Y
[ G(8), R€Y-D,
K($)= | G'(8)UH(8),  $eYnD.

Let (F.K) | (K,Y)=(8 K), where for all §eK

F(8), BEK-Y,
S(8)=
F'(§)UK(8), 4eKnNY.
Hence
F(8), ReK-Y,
S(8)= F'(8)UG(4), AeKN(Y-D)=KNYND’,

F($)U[G'(8) UH($)], 4eKN(YND)=KNYND.

Considering K-Y in the S function, since K-Y=KNY", if §€Y', then §€D-Y or §€(YUD)'". From here, if §€K-
Y, then eKNY'ND' or eKNY'ND. Thus, M=S for KNY'ND=KNYND=@. That is, under suitable

conditions, , is associative in Sg(U).

>+
[(F.K) ; (GK)] | (HK) # (F.K) | [(G.K) | (HK)]. @)

Proof: let's first handle the LHS of equality. Let (F. K)I(G’K):(T,K)’ where for all §€K
F('s))' ’%EK'sz,
T(8)= | F(8)UG(8), SeKNK=K.

Let (T.K) , (H,K)=(M,K), where for all €K
+
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T(8), $eK-K=0,
M(8)=

T'(8)UH(S), $eKNK=K.
Thus

T(8), SeK-K=0,
M(8)=

[F(3)NG'(8)]JUH(8), HeKnK=K.
Now, let's handle the RHS of equality. Let (G,K):_(H,K)Z(L,K), where for all §eK

G(8), 8€K-K=0,
L(8)=
G’'($)UH(S), 8eKNK=K.
Let (F.K) | (LK)=(N,K), where for all €K
[F(8), SeK-K=0,
N(8)=1
LF’($)UL(8), 4eKNK=K.
Hence
[F(8), 8€K-K=0,
N(8)= 1
LF'($)U[G'(8) UH(S)], SeKNK=K.

It is seen that M#N. That is, for soft sets with the same parameter sets, ; does not have an associative
property in S (U).
(F.K) | (GY)#(G.Y) | (FK). )

Proof: let (F,K) :_(G,Y)Z(H,K), where for all §eK

F(8), $eK-Y,
H(8)=
F'($)UG(8), SeKNY.

Let (G.Y) | (F,K)=(T,Y), where for all §€Y

G(8), 4eY-K,
T(8)=

G'(8)UF(4), R€YNK.
Here, while the parameter set of the soft set of the LHS is K, the parameter set of the soft set of the RHS is
Y. Thus, by the definition of soft equality (F.K) 1 GY)#(G.Y) ; (F,K).

But it is obvious that (F. K):_(G,K);t(G,K):_(F,K). So, for the fixed parameter set K € E, the _|~_ operation in

the Sg(U) set does not have the commutative propetty.

(F.K) | ()= Uy, (5)

Proof: let (F.K) | (F,K)=(H,K), where for all §eK

F($), 8€K-K=0,
H(8)=
F'($)UF(8), SeEKNK=K.
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~

Hence, for all €K, H(§)=F(§)UF($)=U, thus (H,K)= Uk, That is, 4 is not idempotent in the set Sg(U).

Theorem 2. By Theorem 1 and Egs. (1)-(5), when (F,K), (G,Y), and (H, D) are the elements of the set Sg(U)
under the condition KNY'ND=KNYND=0, (Sg (U),_T_) is a noncommutative and not idempotent semigroup.

~

By Theorem 1 and Eg. (3), since | is not associative in Sg(U) where KE E is a fixed parameter set (SK(U),I)
is not a semigroup; however, it is obviously a noncommutative groupoid.

(F.K) | 9x=(F.K)", (6)
Proof: let @x=(S,K), where for all §€K, S(£)=0, Let (F. K)_T_ (S, K)=(H,K), where for all §eK
F(’y))i AXEK'K=®,
H(8)=
F'($)UE(8), SEKNK=K.
Thus, for all §eK, H()=F (HUSH=F (U 8= F’(f). Hence (H,K)=(F. K)F,
Bicy (F.K) = Uy, @)
Proof: let @x=(S,K), where for all §eK, S()=0. Let (S,K) I(F K)=(H,K), where for all §eK
S(/&)' 'XEK'K=®;
H(8)=
S'($)UF($), SEKNK=K.

Hence, for all §eK, H(§)= S’(§) UF(§)= UUF(§)=U so (H,K)= Uy,
(F.K) _T_(DE=(F. K)'. 6)

Proof: let @z =(S,E), where for all §€E, S(£)=0. Let (F. K):_(S,E)Z(H,K). Thus, for all §eK

F(8), AeK-E=0,
H(8)=
F'(8)US(8), SeEKNE=K.
Hence, for all §eK, H@)=F(§USE=F§)U 6=F(8). Thus, (H,K)= (F.K)".
(F.K) | Bp=(FK). ©)
Proof: let @y =(S, @) and (F,K);(S, ?)=(H,K), where for all §eK
F(8), 3eK-0=0,
H(8)=
F'(8)US(8), fe KNg=0.

Hence, for all §€K, H(§)=F(%) so (H,K)=(F,K). The right unit element of ; in the set Sg(U) is the soft set
Dg .

0o, (F.K) = 0. (10)
Proof: let B5=(S,P) and (S,(D)_T_(F,K)Z(H,(D). Since @y is the only soft set whose parameter set is the empty

set, (H,®)= @g. That is, in Sg(U), for the operation + the left inverse of each element with respect to the right

identity element @ is the soft set @y, Moreover, in Sg(U), the left absorbing element of the n operation is

the soft set @y,
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Theorem 3. From the properties of Egs. (1), (2), (9), and (70), (Sg(U), _T_) is a right-left system with the right

identity @4 and the left inverses of each element is @5 under the condition KNYND =KNY'ND=@, where
(F,K), (G,Y), and (H, D) are the elements of Sg(U).

Uk . (F.K)= (FK). (17)

Proof: let Ug=(T,K), where for all §eK, T(§)=U. Let (T,K) ;(F K)=(H,K), where for all §eK

T('y))' ’&EK'K=®;
H(8)=
T'(8)UF(R), fe KNK=K.
Hence for all §eK, H(§)= T°(§) UF(§)=QUF($)=F(§) so (H,K)= (F.K),

~

The left identity element of the operation | in the set Sg(U) is Uk.
(F. K)I Ug=Uk, (12)

Proof: let Ug=(T\K), where for all §eK, T(§)=U. Let (F. K):_(T. K)=(H,K), where for all §eK

F(’y))) AXEK-Kz(Z)'
H(8)=
F'(8)UT(R), e KNK=K.

Hence, for all §eK, H()=F(§)UT(K)=F(§)UU=U and so (H,KK)= Uy,

That is, for the operation , in Sx(U) the right inverse of each element with respect to the left unit element

~

Uk is the soft set Ug. Moreover, the right absorbing element of the operation | on the set Sg(U) is the soft

+
set Uk,

(F.K)| Ug = Uy, (13)

Proof: let Ug=(T,E), where for all §€E, T(§)=U. Let (F. K);(T. E)=(H,K), where for all §eK

F($), $€ K-E=0,
H(8)=
F'($)UT(8), 8¢ KNE=K.
Hence, for all €K, H(§)=F(UTH)=F(§UU=U. Thus, (H,K)= Uy.
(F.K) | (F.K)'=(F.K)", (14)

Proof: let (F.K)'=(H,K), where for all §eK, H(§)=F’(8). Let (F. K)_T_(H. K)=(T,K), where for all §eK

F(8), A€ K-K=0,
T(8)=
F’($)UH(8), 4e KNK=K.
Hence, for all $eK, T(§)=F () UHE)=F (§)UF’(§)= F’(§). Then (T,K)= (F.K)",

In the set Sg(U), the relative complement of each soft set is its right absorbing element for the operation |

(F.K)r_ (F.K) = (F.K), (15)

Proof: let (F,K)r=(H,K), where for all $€ KK, H(§)=F({). Let (H.K) :_(F. K)=(T,K), where for all §eK

H(8), &€ K-K=0,
T(8)=
H’(8)UF(8), 4€ KNK=K.
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Thus, for all $€K, T(§)= H(UF= FEUEG=F() so (TK)=(FK).
In Sg(U), the relative complement of each soft set is its left unit element for the operation :_
*

[(F.K) L (GY)]=(F.K) : GY). (16)

Proof: let (F.K) | (G,Y)=(H,K), where for all §eK

F(8), 3e K-,
H(4)= 7
LF’(8)UG(4), 4e KnY.
Let (H.K)"'=(T,K), where for all §eK

[ F(8), 8e K-Y,
T($)= -

LF(8)U G’(8), 4e KnY.

*
Thus, (T,K)=(F,K) ~(G,Y).
\

(F.K) | (G.K) = P ©(F.K) = Ug and (G.K) = @, 17)
Proof: let (F.K)  (G.K) = (T.K), where for all §€K

F('y))' /.XE K'K=®;
T(8)=

F'($)UG(S), $e KNK=K.

(T.K) = @. so, for all §€K, T(§)=0.

Hence, for all §eK, T(H)=F'(§)UG(K)=0 < forall § € K. F’(§)=0 and G(§)=0 < for all §eK, F(§)=U
and G(§)= @ &(F.K) = Uk and (G.K) = @k.

ok € (F.K) | (G.Y) and @y & (G.Y)_ (F.K), (18)
(F.K), (G.Y) € Ug and (G.Y)_ (F.K) € Uy, (19)
(F.K)" € (F.K) | (GK) and (G.K) € (F.K)  (GK). (20)
Proof: let (F.K) | (G,K)=(H,K), where for all §eK

F(8), A€ K-K=0,
H($)=

F'($)UG(8), 8€ KNK=K.

for all eKH)=F(§)< F'(w)uG(w).(F.K)ri(F.K);(G.K),(G.K)i(F.K) :(G,K) can be shown

similarly.
If (FK) € (G.K), then (HZ) _(F.K) € (HZ) L (G.K) and (GK) ,(H.K) & (FK)
;(H.K).

Proof: let (F,K)E (G.K), where for all § €K, F(§)S G(8). Let (H,Z) :_(F K) = (W,Z), whete for all § €7,

H(8), $e 7K,
W(8)=
H'(8)UF(8), §€ ZNK.

@D
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Let (H,Z) , (G.K)=(L,Z), where for all § €Z

H(#), 8e Z-K,
L(8)=

H’($)UG(8), &€ ZnK.
Thus, for all § €Z-K, W(§)=H(§)SH(§)=L(), for all § eZNK, W(H)=I(§UF(S) S H(HUGK)=L(S) so
(H,2) { (F.K) € (H,2)  (G.K), Under the same conditions, for all w€K, since G' () UH()SF' ()UH(S) (G.K)

L(HK) & FK) | (H.K) is obvious.

If (,2)  (F.K) € (HZ) | (G.K) then (FK) € (G.K) needs not be true. (22)

That is, the converse of Theorem 1, Eq. (21) is not true. Similarly, if (G,K)I(H.K) §(F,K):_(H.K). then
(F,K)E (G.K) needs not be true.

Proof: to demonstrate the converse of Thesrem 1. Eq. (21) is not true; let's provide an example. Let
E={e;,es.e3.e,65} be the parameter set, K={ej,es} and Z={e;es.e5} be two subsets of E,
U={hy,h,.h3,h,. hg} be the universal set. Let (F,K), (G,K), and (H,Z) be soft sets over U as follows:

(F’I<):{( el.hZ' h5),(€3,{h1,h2,h5 })’ (G,I<):{(e1.'{h2 })> (63,{h1,h2 })>

(H,2)={(e1,0),(e5,0),(es. {hy. hs})}. Let (H,2) , (F.K) = (L,Z), then for all § € Z-K={e;},
L(es)=H(es)={hy. hs}.for all § € Z NK={e,.es}, L(e;)=H’(e;)UF(e;)=U, L(es)=H’(e;)UF(e5)=U. Thus,
(H,2) { (F.K)={(e1,U),(e5,U),(es. {h- hs ]}

Let (H,Z):_(G. K) = (W,2), where W(e;)=H(es)={h,.hs}. W(e;)=H’(e;)UG(e;)=U,
W(es)=H’(e3)UG(e3)=U. Thus, (H,Z)_T_(G. K)={(e,,U),(e3,U),(es. {h,. hs D }.

Hence, (H,Z)_T_(F. K) §(H,Z)I(G. K), but it is clear that (F,K) is not a soft subset of (G.K). Similarly, by
choosing (H,K)={(e;,U),(e5,U)}, one can show that (G,K) | (H.K) & (F,K) | (H.K). but (F,K) € (G.K) is

not true.

Ij (F,T)~§ (G.T) and (KT)E (L.T), then (GT) (KT)E(ET) (L T) and (LT)  (FT) )
E(KT), (GT).

Proof: let (F,T)E (G.T), where for all §€T, F(§)S G(w) and for all § €T, G ()< F'(§). Let

(G,T):(K,’I):(M,T), where for all § €T, M(§)=G’(§)UK(S). Let (F,T);(L,T):(N,T), where for all & €T,
N@)=F'(§)UL() and for all § €T, G’(§)S F'(§). Thus, M(§)=G’(§)UK)SF (§)ULE)=N(S), hence
(G,T):_(K,T) §(F,T):_(L,T). Under the same conditions, it can be similarly shown that (L,T)_I(F,T)

EK,T),(GT).
4| Distribution Rules

In this section, the distributions of soft binary piecewise plus operation over other soft set operations are
examined in detail, and many interesting algebraic structures are obtained.

Proposition 1. Let (F,K), (G,Y), and (H,D) be soft sets over U. Then, the soft binary piecewise plus operation
distributes over restricted operations as follows, under KNY N D = @.

[(FK) Ug (GY)], (H.D)=[(F.K) | (HD)]UR[(G.Y) | (H,D)]. 24)
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Proof: first, let's handle the LHS of the equality. Assume that (F,K)Ur(G,Y)=(M,KNY), where for all
REKNY, M(&)=F)UG(S). Let M, KNY) :_(H,D)Z(N,KOY), where for all §€KNY

[ M(8), 4 (KNY)-D,
N(8)= 1

LM’($)UH(S), &€ (KNY)ND.
Hence

[ F(8)UG($), € (KNY)-D=KnYND’,
N(#)= 1

L[F'($)NG'(8)]UH(8), A€ (KNY)ND.

Now, let's handle the RHS of equality. Let [(F.K) ;(H,D)]UR[(G.Y) _T_(H,D)].

Let (F.K)  (HD)=(V,K), where for all §eK

[ F(8), 8€K-D,
V(8)= 1
L F'(4)UH(S), 4€KnD.

Let (G.Y)_ (H.D)=(W.Y), where for all §€Y

[ G(8), 8€Y-D,
W(8)=1

L G’(8)UH(S), 4€YND.
Assume that (V,K)Ur (W,Y)=(T,KNY), where for all €KNY, T(K)=V(§) UW(§)

F(8)UG(4), 8€(K-D)N(Y-D)=KNYND’,
T(8)= ] F(8)U[G'(8)UH(8)], 8€(K-D)n(YND)=9,
[F'(8)UH($)]UG(8), A€(KND)N(Y-D)=0,
[F'(8)UH(4) JU[G'($)UH(B)],  8€(KND)N(YND)=KNYND.
Hence
F(R)UG(S), AeKNYND,
T(8)=
F'(8)UG’'(8)UH(S), 4€KNYND.

Thus, it can be seen that N=T for KNYND=0.
[(FK) Ng (GY)], (HD)=[(F.K)_ (HD)]NR[(G.Y)  (H.D)]. (25)

Corollary 1. (Sg (U),UR,I) is an additive commutative and additive idempotent (right) nearsemiring without
zero and unity under certain conditions.

Proof: Ali et al. [6] showed that (Sg(U),UR) is a commutative, idempotent monoid with identity @, that is, a
bounded semilattice (hence a semigroup). By Theorem 3, (SE(U),;) is a not idempotent, noncommutative
semigroup under the condition TNZ'NM =TNZNM=0@, whete (F,T), (G,Z), and (H,M) are soft sets. Besides,
by Proposition 1 and Egq. (24), _IN_ distributes over Uy from RHS under the condition TNZNM = @.
Thus, (Sg(U),u R,:_) is an additive commutative and additive idempotent (right) near-emiring without zero and

unity under certain conditions.

Corollary 2. (Sg (U),r‘lR,;) is an additive commutative and additive idempotent (right) nearsemiring without

zero and unity under certain conditions.
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Proof: Ali et al. [6] showed that (Sg(U),NR) is a commutative, idempotent monoid with identity Ug, hence a
bounded semilattice (and consequently, a semigroup). By Theorems 3, (Sg (U),;) is a not idempotent,
noncommutative semigroup under the condition TNZ'NM =TNZNM=0@, where (F,T), (G,Z), and (H,M) are
soft sets over U. Besides, by Proposition 1 and Eq. (25), :_ distributes over Ny from RHS under the condition

TNZNM = @. Thus, (Sg (U),nR,;) is an additive commutative and additive idempotent (right) nearsemiring

without zero and unity under certain conditions.

Proposition 2. Let (F,K), (G,Y), and (H,D) be soft sets over U. Then, the distributions of the soft binary
piecewise plus operation to extended operations are as follows.

LHS Distributions: the following hold, where KN(YAD)=0.
(F.K)  [(GY)U(HD)]=[(F.K) | (GY)] Ug [(FK) | (H.D)]. 26)

Proof: first, let's handle the LHS of the equality. Assume that (G.Y) U.(H,D)=(M,YUD), where for all
SEYUD

G(’y))l 4€Y-D,
M(8)=14 H(8), 8€D-Y,
G(4)UH(S), 4€YND.

Let (F.K) , (M,YUD)=(N,K), where for all §eK

{ F(8), 8€K-(YUD),
N($)=
F'($)UM(4), $eKn(YUD).
Hence
F(8), eK-(YUD)=KNY’'nD’,
N(&)=] F(3)UG(8), 8eKN(Y-D)=KNYND’,
F($)UH(R), 8eKN(D-Y)=KNY’ND,

F'($)U[(G(8)UH (8)], 4eKNYND=KNYND.
Now, let's handle the RHS of the equality. Let [(F,K) | (G,Y)]U.[(F,K) | (H.D)]. (F.K) . (G.Y)=(V,K), where
for all §eK

F(8), $eK-Y,
V(8)=
F'(8)uM(8), SeKNY.

Let (F,K) | (H.D)=(W,K), where for all §eK

F(4), 4€K-D,
W(8)=
F'(8)UH(S), 4€KND.

Assume that (V,K) Ug(W,K)=(T,K), where for all §eK
V(8), $eK-K=0,

T($)=1 W(8), AeK-K=0,
V(8) N"W(4), $eKNK=K.
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Hence
[F(8) UF(8), 8€(K-Y)N(K-D)= KNY’'nD’,
F($) U [F'(8)UH(8)], 8€(K-Y)N(KND)=KNY’ND,
T(8)= | [F(8)UG(8)]UF(8), 8e(KNY)N(K-D)=KNYND’,

[F'(R)UG(R)JV[F'(8)UH(8)], AR€(KNY)N(KND)=KNYND.

Thus,
F(8), 8€(K-Y)N(K-D)= KnY'nD,
U, 8(K-Y)n(KND)=KNY'ND,
T(8)=| U, 8€(KNY)N(K-D)= KNYND,
F'(8)UG($)UH(S), 8€(KNY)N(KND)=KNYND.

It is observed that N=T for KNY'ND=KNYND'=@. It is evident that the condition KNY'ND=KNYND'=0
is equivalent to the condition KN(YAD)=0.

(F.K) , [(GV)N(HD)=[(FK) [ (GY)] N¢ [(FK) | (H.D)]. @7)
RHS distributions: the following hold, where KN'YND=0.
[(F.K) Ne(G,Y)], (HD)=[(FK) | (HD)]N[(G.Y) | (H,D)]. 28)

Proof: let's first handle the LHS of equality. Assume that (F.K) N.(G,Y)=(M,KUY), where for all KUY
[F(8), $€K-Y,
M(8)=1 G(3), AEY-K,

F(8)NG(4), AReKnY.

Let (MKUY)_ (H,D)=(N,KUY), where for all §eKUY

[ M(8), 8€(KUY)-D,
N($)=-
| M'($)UH(8),  8e(KuY)nD.
Thus
F(8), 4€(K-Y)-D=KnY’'ND’,
G(8), 8€(Y-K)-D=K’'nYND’,
N(8)=| F(8)NG(R), 8€(KNY)-D=KNYND’,
1 P@une), $e(K-Y)ND=KNY'nD,
G'(8)UH(S), 8€(Y-K)ND=K’nYND,
 [F(8)UG'(3)JUH(8), A€(KNY)ND=KNYND.

Now let's handle the RHS of the equality: [(F. K);(H,D)]ﬂs[(G,Y)I(H,D)]. Let (F,K):(H,D):(V ,K), then
for all §eK
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F(8), $€K-D,
V(8)=
F'($)UH(#), $€KND.
Let (GY) | (H,D)=(W,Y), then for all §€Y
G(8), $€Y-D,
W(8)=
G'($)UH(8),  &eYND.

Assume that (V,K) N, (W.Y)=(T, KUY), where for all §eKUY

V(8), 8eK-Y,
T($)=| W(3), €YK,
V($)NW(8), SeKNY.
Hence
F(8), 8€(K-D)-Y=KNY'ND’,
F'(8)UH(8), 8€(KND)-Y=KNY'ND,
G(4), 8¢(Y-D)-K=K'nYnD’,
T(8)= G’ (8)UH(R), 4€(YND)-K=K’'NnYND,
| Fwnees), $<(K-D)N(Y-D)=KNYND,
F(8) N [G'($)UH(8)], 3e(K-D)N(YND)=0,
[F'($)UH($)]NG(8), 3€(KND)N(Y-D)=0,
| [F(8)UH()IN[G'($)UH(S)],  Be(KND)N(YND)=KNYND.
Thus
[F(8), $eKNY'ND’,
F($)UH(8), $KNY'nD,
G(8), 8eK’'NYND’,
T($)= | G($)UH(), 3eK'NYND,
F(8)NG($), 8€KNYND’,
i [F'(8)NG’(8)JUH(S), 4eKNYND.
[(F.K) U, (GY)], (HD)=[(FK) | (HD)]U[(G.Y) . (H,D)]. 29)
[(FK) \e (GY)], (HD)=[(FK) | (HD)\:[(G.Y) | (H.D)]. (30)
[(F.K) A (GY)] L (H,D)=[(F.K) . (H.D)IA¢[(G. Y) , (H.D)]. (31)
[(F.K) +¢(GY)] | (H,D)=[(F.K) ;- (H,D)]+[(G.Y) , (H.D)]. (32)

[(FK) ve(G.Y)] (H,D)=[(F.K), (HD)I.[(G.Y), (H,D)] (33)
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[(F.K) +¢(GY)]} (HD)=[(F,K), (H,D)]*:[(G.Y) | (HD)]. (34)

[(F.K) 6:(G,Y)] (HD)=[(FK) . (HD)]6[(G.Y) | (HD)]. (35)

Corollary 3. (Sg(U), U s,;) and (Sg (U),ns,;) are additive commutative and additive idempotent (right)
nearsemirings with zero but without unity and zero symmetric properties under certain conditions. Similatly,
SEUerg): SEWberg)s SeU)teng): SeM)Yerp)r SeU)Aerp). (SeU)reny). (Se(U).0e. ) are additive
commutative not idempotent (right) nearsemirings with zero, but without unity and zero symmetric property
under certain conditions.

Proof: Ali et al. [6] showed that (Sg(U), U,) is a commutative, idempotent monoid with identity @y, that s, a
bounded semilattice (hence a semigroup). By Theorenz 3, (Sg (U),_T_) is a noncommutative and not idempotent
semigroup under the condition TNZ'NM = TNZNM =0, where (F,T), (G,Z), and (H,M) are soft sets over
U. Besides, by Theorem 2, (D¢_|~_(F. T)=0y, that is @y is the left absorbing element for _|~_ in Sg(U), furthermore,
by Proposition 2, _|~_ distributes over U, from RHS under the condition TNZNM=@. Thus, (Sg(U), Us. _:) is an

additive commutative and additive idempotent (right) nearsemirings with zero but without unity under certain
conditions.

Moreover, since (F.K) , @y # @p, (Sg(U),Ue, ) is a (right) nearsemiring without zero symmetric property.
Similarly, (Sg(U),Ne, ) is an additive commutative and additive idempotent (right) nearsemirings with zero
but without unity and zero symmetric properties under certain conditions. Furthermore, (Sg(U),\e. ),

Se0)Ae ), SeU)Fe): SEU)Yer ) S0 Aerp)s SpU)ske, )y (Se(U),0e,) are all additive commutative,

not idempotent (right) nearsemirings with zero but without unity and zero symmetric property under certain
conditions. Here, note that Aybek [25] showed that the first operation is associative in Sg(U) under the
condition TNZNM=0 (for A, without any condition).

Corollary 4. (Sg(U), US’—D and (Sg(U), ng,:_) are additive commutative and additive idempotent semirings
without zero and without unity under certain conditions.

Proof: Ali et al. [6] showed that (Sg(U),U,) is a commutative, idempotent monoid with identity @y, that is, a
bounded semilattice (hence a semigroup). By Theorenz 3, (Sg (U),_:) is a noncommutative and not idempotent
semigroup under the condition TNZ'NM = TNZNM =@, where (F,T), (G,Z), and (H,M) ate soft sets over
U. Besides, by Proposition 2, 1 distributes over U, from LLHS under the condition TN(ZAM) =@, and ;
distributes over Uy from RHS under the condition TNZNM=@. Thus, (Sg(U), Ug,:_) is an additive
commutative and additive idempotent semiring without zero and unity under certain conditions. One can
similarly show that (Sg(U), ns,:) is an additive commutative and additive idempotent semiring without zero
and unity under certain conditions.

Proposition 3. Let (F,K), (G,Y), and (H,D) be soft sets on U. Then, the distribution of the soft binary
piecewise plus operation over soft binary piecewise operations are as follows:

The following hold, where KNYND=0.
[(F,K)  (GY)]; (HD)=[(FK) | (HD)]  [(G.Y) | (HD)]. (36)

Proof: let's first handle the LHS of equality. Assume that (F. K);(G,Y):(M,K), where for all §eK



95

Sezgin and Yavuz | Uncert. Disc. Appl. 1(1) (2024) 79-100

M(8)=

F(8), ReK-Y,

F(8)NG(S), AeKNY.

Let (MK) | (H,D)=(N,K), where for all €K

N($)=

Thus

NE)=

M (AX), ’%EK-D;

M’'(4)UH(8), S8eKnD.

F(8), $€(K-Y)-D=KnY’'nD’,
F(8)NG(8), $€(KNY)-D=KNYND’,
F'(§)UH(8), $e(K-Y)NnD=KNY’ND,

[F($)UG($)]U H(8), &e(KNY)ND=KNYND.

Now, let's handle the RHS of equality. Assume that [(F,K) , (H,D)] J[(G.Y) | (H.D)]. (F.K) | (H.D)=(V,K),
where for all §eK

V(8)=

F("X)' ’%EK-D'

F’(8)UH(4), 4eKnD.

Let (GY), (H,D)=(W,Y), where for all §€Y

W(8)=

G(8), 4€Y-D,

G'(8)UH(8),  AeYnD.

Assume that (V,K) | (W,Y)=(T K), where for all §eK

T(8)=-

Hence

V(4), 4eK-Y,

V(3)NW(4), AeKny.

F(8),
F'(3)UH(8),

T(8)= | F(3)NG(4),

Thus

F(8) N [G'(8)UH(H)],
[F'($)UH(8)] NG(8),

[F'($)UH(8)] N[G’'(3)UH(8)],

8€(K-D)-Y=KNY’'ND’,
$€(KND)-Y=KNY’ND,
4€(K-D)N(Y-D)=KNYND’,
4€(K-D)N(YND)=0,
4€(KND)N(Y-D)=0,
4€(KND)N(YND)=KNYND.
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[ F(8), 8eKNY'nD’,
| F($)UH(S), 4€KNY'ND,
T(8)=| F($)NG(3), $eKnYND),
LIF($)NG ($)]UH(S), 3eKNYND.
Thus, it can be seen that N=T for KNYND=@.
[(F,K) |, (GY)] (HD)=[(FK), (HD)] |, [(G.Y) | (HD)]. 37)
[(F, K) \ (GY)]; (HD)=[(FK), (HD)] \ [(G.Y) { (H.D)]. (38)
[(F, K) , (GY)] ;. (HD)=[(FK) , (HD)] , [(G.Y) | (HD)]. (39)
[(F,K) ; (GY)I} (HD)=[(FK) (HD)] | [(G.Y) | (HD)]. (41)
[(F, K) y (GY)] (HD)=[(FK) ; (HD)]  [(G.Y) | (HD)] 42)
[(F,K) , (GY)], (HD)=[(FK) | (HD)] , [(G.Y) | (HD)]. 43)
[(F, K) g (GY)I} (HD)=[(FK) | (HD)] g [(G.Y), (HD)] (44)
[(FK) 5 (GY)] (HD)=[(FK) (HD)] ; [(G.Y) (HD)] 45)

Corollary 5. (SE(U),;,_T_) and (Sg (U),G,:) are additive idempotent, noncommutative (right) nearsemirings

without zero and unity under certain conditions.

Proof: Yavuz [53] showed that (Sg (U),r:) and (Sg (U),G) are idempotent, noncommutative semigroups (that is
a band) under the condition TNZ'NM =@, where (F,T), (G,Z), and (H,M) are soft sets over U. By Theorem 3,
(SE(U),:_) is a noncommutative and not idempotent semigroup under the condition TNZ'NM = TNZNM

~ ~

=@, where (F,T), (G,Z), and (H,M) are soft sets over U. Besides, by Proposition 3, _IN_ distributes over n and U

from RHS under the condition TNZNM=@. Consequently, (SE(U),;. I) and (SE(U),G, _T_) are additive

idempotent, noncommutative (right) nearsemirings without zero and unity under certain conditions.

Coronafy 5. (SE([J)’\’+)’ (SE(U)’A’+)’ (SE<U>’+’+)’ (SE<U)9Y’+)’ (SE<U)9* ’+)’ (SE<U)’9’+) are all not
idempotent, and noncommutative (right) nearsemirings without zero and unity under the condition TNZ'NM
=TNZNM =@, where (F,T), (G,Z), and (H,M) are soft sets over U. Here note that Yavuz [53] showed that
the first operation is associative in Sg(U) under the condition TNZ'NM=TNZNM=0 (for Z, under the

condition TNZ'NM=0).
5| Conclusion

Parametric approaches like soft sets and soft operations are useful when working with uncertain data. New
methods for solving parametric data issues may be gained by introducing new soft operations and determining
their algebraic properties and applications. In this sense, the work introduces a special form of soft-set
operation. We aim to significantly advance the field of soft set theory by proposing a new soft set operation
that we term the soft binary piecewise plus operation and closely studying the algebraic structures underlying
it as well as other new soft set operations in the class of soft sets.
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In particular, all the algebraic features of this novel soft set operation ate thoroughly examined, and the
distributions of the soft binary piecewise plus operation over various types of soft set operations are explored.
Considering the distribution laws and the algebraic properties of the soft set operations, an extensive analysis
of the algebraic structures generated by the set of soft sets with these operations is presented. We demonstrate
how various types of soft sets, in the collection of soft sets over the universe with the soft binary piecewise

plus operation, form several important algebraic structures, including semirings and nearsemirings:

I (SgU), +) is a noncommutative and not idempotent semigroup under certain conditions, moreover

(Sg (U),_T_) 1s a right-left system under certain conditions.

11 (SE(U),UR,_T_), (SE(U),OR,:_) are additive commutative and additive idempotent (right) nearsemirings

without zero and unity under certain conditions.

II1.  (Sg(U), Us,:_) and (Sg (U),ﬂs,:_) are additive commutative and additive idempotent (right) nearsemirings

with zero but without unity and zero symmetric properties under certain conditions.

V. Se@\erp): GeWAep) ety SeWYep): Se@Aey) SeM)rey). (SeM)0e.,) are

additive commutative not idempotent (right) nearsemirings with zero, but without unity and zero

symmetric property under certain conditions.

V. (SgU),u E,I) and (Sg(U),N s,:_) are additive commutative and additive idempotent semirings without zero

and unity under certain conditions.

VL. (Sg (U),;,_T_) and (Sg (U),G,;) are additive idempotent, noncommutative (right) nearsemirings without zero

and unity under certain conditions.

VIL.  (Sg(U), \ ,+) are all noncommutative and not idempotent (right) nearsemirings without zero and unity under

certain conditions.

By examining novel soft set operations and the algebraic structures of soft sets, we can comprehend their
application fully. This could advance the subjects of soft set theory and classical algebraic literature in addition
to providing new examples of algebraic structures. This work aims to get the specific algebraic structures
formed in the collection of soft sets established over a universal set by the soft binary piecewise plus operation
combined with various types of soft set operations. This type of in-depth research ought to enhance our
comprehension of the use of soft sets. Other studies may thoroughly investigate more soft binary piecewise

operations versions and their accompanying distributions and attributes.
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